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ABSTRACT
We call a field K semi-real closed if it is algebraically maximal with respect
to a semi-ordering. It is proved that (as in the case of real closed fields)
this is a Galois-theoretic property. We give a recursive description of all

absolute Galois groups of semi-real closed fields of finite rank.

Introduction

By a well-known theorem of Artin and Schreier [AS], being a real closed field is a
Galois-theoretic property. More specifically, a field K is real closed if and only if
its absolute Galois group G(K) is of order two. This enables one to reflect many
arithmetical properties of orderings on K as group-theoretic properties of G(K).
However, in studying the structure of formally real fields, the collection of all

orderings is in many respects too small. For many uses one needs to consider the
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broader collection of the semi-orderings (also called g-orderings) on K. These
arithmetical objects, introduced by A. Prestel and studied mainly by him [P],
by L. Brocker [Brl] and by Becker and Kopping [BK], are defined as follows:
A semi-ordering on K is a subset S C K such that 1 € S, K = SU -85,
SN—-S={0}, S+ 8 =25 and K2S = S (here K? denotes the set of all squares
in K). Thus, an ordering is a semi-ordering closed under multiplication.

In the present paper we study the absolute Galois groups of the semi-real
closed fields, that is, fields K that admit a semi-ordering which does not extend
to any proper algebraic extension of K. Their importance can be realized, e.g.,
from the following local-global principle for isotropy, essentially due to Prestel
[P, Th. 2.9]: Assume that K is pythagarean (i.e., K is formally real and every
sum of squares in K is a square in K) and let ¢ be a quadratic form over K.
Then ¢ is isotropic in K if and only if it is isotropic in every semi-real closed
algebraic extension of K.

Inspired by Artin-Schreier’s theorem, we first prove that being semi-real closed
is a Galois-theoretic property. In other words, if K and L are fields with G(K) =
G(L) and if K is semi-real closed then so is L (Theorem 5.1(c)). However, unlike
in the case of real closed fields, there are infinitely many profinite groups that
appear as absolute Galois groups of semi-real closed fields. In section 5, we give
a recursive description of all such finitely generated groups. For example, the
groups of rank < 4 in this class are Z/2Z, Z2xZ/2Z and Z3xZ/2Z. Here Z,
is the additive group of the dyadic integers (written multiplicatively) and the
involution in Z/2Z acts by inversion.

ACKNOWLEDGEMENT: This research has begun while both authors were stay-
ing at the Heidelberg University in summer 1991, supported by the Deutsche
Forschungsgemeinschaft (Efrat) and the Alexander-von-Humboldt Foundation
(Haran). We wish to thank Moshe Jarden for several helpful remarks.

1. Realization of certain group-theoretic constructions

In [JW] Jacob and Ware show that the class of all maximal pro-2 Galois groups
of fields is closed with respect to free pro-2 products and certain constructions
of semi-direct products. In this section we strengthen a few of their methods in

order to realize such constructions as the absolute Galois groups of fields (see
also [Br3, §4], [JWd, §6] and [K, §3].)
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To achieve more generality, we fix a prime number p. Recall that a valued
field (K,v) is p-henselian if Hensel’s lemma holds in it for polynomials that
split completely in the maximal pro-p Galois extension K (p) of K. Equivalently,
(K,v) is p-henselian if v extends uniquely to K(p) [Br2, Lemma 1.2]. A p-
henselization of a valued field (K, v) is a p-henselian separable immediate pro-
p extension of it. It is the decomposition field of an extension of v to K(p)
[Br2, p. 151]. We denote the residue field of a valued field (K, v) by K, and its
value group by T',. The Galois group of a Galois extension L/K is denoted by
G(L/K) and the algebraic closure of K is denoted by K. The following lemma

is well-known and is brought here for convenience.

LEMMA 1.1: Let (F,v) be a p-henselian valued field that contains the pth roots
of unity. Suppose that char F,, # p. Then there is a natural split exact sequence

(1) 1 - 23 = G(F(p)/F) - G(Fu(p)/Fo) = 1,

with m = dimg, I, /ply.

Proof: Let v(p) be the unique extension of v to F(p). Since char F' # p and F
contains the pth roots of unity, every finite Galois subextension F' of F(p)/F is
obtained as a finite tower FF' = Fy C F} C --- C F,, = F' with F;4; = F(¢/a;),
a; € F;, by [La, Ch. VIIL, Th. 10]. It follows that F(Ev(p) /F, is a p-extension.
Since char F,, # p and by [En, Th. 14.5], this extension is Galois. Furthermore,

F(p) is closed under taking pth roots, hence so is F(p) Since the latter

field contains the pth root of unity, it has no proper Galois (;iextensions, by [La,
Ch. VIII, Th. 10] again. Therefore F_(p—)‘v(p) = F,(p). Since (F,v) is p-henselian,
G(F(p)/F) is the decomposition group of v(p)/v. As char F, # p, the ramification
group of v(p)/v is trivial [En, 20.18]. Let GT be the inertia group and FT the
inertia field of v(p)/v. The value group of v(p) is A = h_m) ITI,,I‘. [En, Th. 20.12]
yields a natural isomorphism G7 2= Hom(A/T,2%), where Q is the algebraic
closure of F,. Since charQ # p and A/T is p-primary, GT 2 Hom(A/T,Q/Z)
naturally. Therefore

. 1 ~ 12 m no
G" % lim Hom(I/T', Q/2) 2 lim (Z/p"2)™ = 27

Now use the natural isomorphism G(FT /F) = G(F,(p)/F.,) [En, 19.8(b)] to ob-
tain the exact sequence (1).
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To show that (1) splits choose T C F* such that the values v(t), t € T, rep-
resent a linear basis of I', /pl', over F,. Then L = F(t'/?"|t € T, n€ N) is a
totally ramified extension of F in F(p), and its value group is p-divisible. The pre-
vious argument (with F' replaced by L) shows that the map Res: G(F(p)/L) —
G(F,(p)/F) is an isomorphism. Its inverse is the desired section. 1

LEMMA 1.2: Let E be a field of characteristic # p that contains the pth roots of
unity and such that G(E) is pro-p, and let m be a cardinal number.
(a) There exists a field F extending E such that tr.deg(F/E) = m and for
which there is a split exact sequence 1 — Z' — G (F)E“is»G(E) —1;
(b) There exists a field F extending E such that tr.deg(F/E) = m and the

map Res: G(F) — G(E) is an isomorphism.

Proof: (a) Let Z;) be the localization of Z at the ideal pZ, let I be a well-
ordered set of cardinality m and let I' be the direct sum of m copies of Z,)
indexed by I. Then m = dimg, I'/pI'. Order I' lexicographically with respect
to the natural ordering of Z,) induced from Q. Let L = E((T)) be the field of
formal power series 3 . a,t” with a, € E and {y € | a, # 0} well-ordered.
The natural valuation v on L is henselian and has residue field E and value group
T [P, p. 89]. The unique extension v, of v to a p-Sylow extension L, of L is also
henselian. Since all separable algebraic extensions of E are pro-p and since I'
is g-divisible for all primes ¢ # p, the extension v,/v is immediate. For each
1 € I define v; € T by (v:); =1 and (v;); = 0 whenever ¢ # j € I. Denote the
i€ I)in L, by F. The restriction of v, to F
is again henselian with residue field F and value group I'. Therefore Lemma 1.1

relative algebraic closure of E(t"

yields the split exact sequence (1). Observe that the elements t%, i € I, form a
transcendence base of F/E of cardinality m.

(b) In the exact sequence of (a), the image of the section has a fixed field with
the desired properties. Alternatively, one can argue as in (a), with Z(p) replaced

by Q. |

ProposITION 1.3: Let K,,...,K,, be fields of equal characteristic such that
G(K1),...,G(Ky,) are pro-p groups. Then there exists a field K of the same
characteristic such that G(K) & G(K1) %, - - ¥, G(Kp,) (free pro-p product) and
tr.degK < maxi<i<m tr.degK; + 1.

Proof: If char K1 = -+ = char K,,, = p then G(K}),...,G(K,,) are free pro-p
groups [R, Ch. V, Cor. 3.4}, and therefore so is G = G(K1) *p - -+ *p G(Kmm).
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If this group is finitely generated then it can be realized as the absolute Galois
group of an algebraic extension K of the Hilbertian field F, (¢) [FJ, Th. 20.22 and
Th. 12.10]. If G is not finitely generated then G = G(K;) for some ¢, so we can
take K = K;.

We may therefore assume that char K; = --- = charK,, # p. Since K;
and its perfect closure have isomorphic absolute Galois groups, we may assume
without loss of generality that K, is perfect, ¢ = 1,...,m. In light of Lemma
1.2(b), we may also assume that tr.degK; = --- = tr.degK,,. By identifying
transcendence bases of Ky,..., K,, over the prime field, we may assume that
they are all algebraic over a certain perfect field K. Using Sylow’s theorem, we
may assume that G(Kj) is a pro-p group. In particular, K is infinite. Finally,
let ¢, be a primitive root of unity of order p; since p /[Ko((p) : Ko], we have
¢ € Kop.

Next, let z be a transcendental element over Ky and choose a,,...,a,, € Kg
distinct. Let vy,...,vm be the valuations on E = Ky(z) that correspond to
the primes (z — a1),...,(z — am). Zorn’s lemma yields a maximal extension
(E' vy,...,ul,) of (E,v1,...,Un) contained in E(p) such that for each 1 < ¢ <
m, v} is unramified over v; and the residue field of v} is contained in K;. By
Krull’s Existenzsatz [En, Th. 27.6] this residue field must in fact coincide with
K;. Denoting y = (z — a1)---(x — am), we have that v)(y) is a generator of
vi((E")*) for each 1 < i < m. Next let E” = E'(y'/?" |n € N) and for each
1 < i < mlet v be the unique extension of v} to E”. Then the value group of
v} is p-divisible and its residue field remains K;. Let (H;, u;) be a henselization
(hence an immediate extension) of (E”,v!). Also, let L; be a p-Sylow extension of
H; and let w; be the unique extension of u; to L;. Let F be a p-Sylow extension
of E”. Replacing L; and H;, ¢ = 1,...,m, by appropriate isomorphic copies
over E", we may assume without loss of generality that Lq,..., L, contain F.
We show that the assertion holds with K = Ly n---N L,,. Since vy,..., v,
are distinct discrete valuations, they are independent, and therefore so are their
extensions Resgwi,...,Reskw,, (since K/E is algebraic). The value group of
w; is p-divisible (in fact divisible). By Ostrowski’s formula [Ri, p. 236, Th. 2] and
since all algebraic extensions of K; are pro-p, the residue field of w; must still be
K;. Hence, by [JWd, Th. 4.3], G(K) = G(Ly) *p - - *p G(L,,). But by Lemma
1.1, Res: G(L;) — G(K;) is an isomorphism, whence the assertion. ]

We denote, as customary, K, = K(2). The following result is implicit in [JW,
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§2]. It shows that (with a few exceptions) valuations can be recognized inside
the maximal pro-2 Galois group.

PRroOPOSITION 1.4: Let K be a field of characteristic # 2, let A be a free abelian
pro-2 group (i.e., A = ZD for some cardinal m) and let G % Z/2Z,1 be a pro-2
group. Then the following conditions are equivalent:

(a) G(K,/K) = AXG;

(b) G(K,/K) = AxG and the involutions in G act on A by inversion;

(c) K is 2-henselian with respect to a valuation v such that dimg, I', /2L, =

rank(A) and such that G((K,)q/K,) 2 G and char K, # 2.

If G = Z/2Z then (c) implies (a) and (b).

Proof: (a)=(b): Let ¢ be an involution (# 1) in G(K,/K). By [B, Satz 8,
Kor. 3], char K = 0 and the restriction of ¢ to G(Q,/Q) is conjugate to the
complex conjugation. Therefore it acts on the 2™th roots of unity by inversion.
It follows from [JW, Th. 2.2(iii)] that ¢ acts on A by inversion.

(b)=(a): Trivial.

(a)=>(c): This is contained in [JW, Th. 2.5] (and its proof).

(c)=>(a): Apply Lemma 1.1 with p = 2. 1

Remark: A complete description of the action of G on A is given in [JW,
Th. 2.3]. This, however, will not be needed in the present work. 1

Convention: In light of Proposition 1.4, whenever we consider in the sequel
semi-direct products of groups, we assume that the action of the involutions is

by inversion. |

2. The chain length of a group

Denote the set of all involutions (# 1) of a profinite group G by Inv(G). We
define the chain length cl(G) of a profinite group G to be the supremum of
all n € N for which there exist open subgroups Gy,...,G, of G of index < 2
satisfying Inv(Gp) C -+- C Inv(G,). Also recall that the chain length cl(K)
of a field K is the supremum of all n € N for which there exist ag,...,an, € K
such that H(ap) C -+ C H(a,) (where H(a) is the set of all orderings on K
containing a.) In the special case where G is a maximal pro-2 Galois group of a
field, parts (a), (b), (c) and (d) of the following lemma essentially correspond to
[L, Prop. 8.6(1), Th. 8.28, Th. 8.27 and Prop. 8.6(2)], respectively.
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LeEMMA 2.1: Let G be a pro-2 group containing an open subgroup G’ of index
< 2 such that Inv(G’) = 0.
(a) If G is generated by involutions and cl(G) = 1 then G = Z/2Z;
(b) If G =Ty %2 - - - % Ty then cl(G) = Y 1, cl(T);
(c) If G = AxH where A is a free abelian pro-2 group and cl(H) > 2 then
c(G) = cl(H);
(d) If G = AXZ/2Z where A is a non-trivial free abelian pro-2 group then
(G} =2
(e) <l(G) < rank(G);
(f) If K is a field then cl(K) = cl(G(K)) = c)(G(K,/K)).

Proof: (a) Let ®(G) be the Frattini subgroup of G [FJ, §20.1] and let p: G —
G = G/®(G) be the natural epimorphism. If G % Z/2Z is generated by involu-
tions then rank(G) = rank(G) > 2 by [FJ, Lemma 20.36]. Since G is generated by
p(Inv(G)), there exist €1,e2 € Inv(G) such that p(e1) # p(ez). But ®(G) is the
intersection of all open subgroups of G of index 2. Hence there exists such a sub-
group G that contains just one of ¢4, €3. Then @ = Inv(G') C Inv(G,) C Inv(G),
so cl(G) > 2.
(b) Denote the set of all open subgroups of G of index < 2 by Q(G). By the
universal property of G, the map H — (HNIy,..., HNT',,) is a bijection between
Q(G) and Q(I'1) x - -+ x Q(I'y,). Partially order Q(G) by the relation Inv(H) C
Inv(H’) for H,H' € Q(G), and similarly for Q(T;), i = 1,...,m. Also equip
Q(T1) x --- x Q(T') with the product partial order. Clearly Inv(H) C Inv(H')
implies that Inv(H NI;) CInv(H'NTIy), i =1,...,m. The converse also holds
since Inv(G) = UZ; U,eq Inv(T:)? by [HR1, Th. A’] and since H, H' are normal
in G. Therefore the above bijection is an isomorphism of partially ordered sets,
whence our assertion.
(c) Let m: G — H be a splitting epimorphism with Ker(n) = A. Identify H
with a closed subgroup of G via a section of 7. We have Inv(G) = Alnv(H). If
Hy,..., H, are open subgroups of H of index < 2 such that Inv(Hy) C --- C
Inv(H,) then G; = AH;,i=0,...,n, are subgroups of G of index < 2 satisfying
Inv(Go) C --- C Inv(G,). Consequently cl(H) < cl(G). If cl(G) < 2 then we are
done. So assume that cl(G) > 3.

To prove that cl(H) > cl(G), let Go,...,G,, n > 3, be open subgroups of
G of index < 2 such that Inv(Go) C --- C Inv(G,). It suffices to show that
A C G; for all 4, since then Inv(G;) = Alnv(n(G;)), and hence Inv(m{Gg))} C
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-+ C Inv(#(Gr)).

Consider first the case when 1 < 1. If A € G; we choose a € ANG;, ¢ €
Inv(Gi-1) NG, and 6 € Inv(G;42) ~ Giy1. Then ae € Inv(G;) C Giyq, 50 a €
Giq1. Since 6§ € G; we have aé € Inv(G;) C G;41. This yields the contradiction
6 € Gi41. Thus A C Gy, Gi.

Next let 2 < i < n. Fix € € Inv(G1) (C G;) to obtain from what we have just
proved that Ae C Inv(G1). Therefore A = (Ae)e C Inv(G1)e C G, as required.
(d) Write A = B X Zy with B a free abelian pro-2 group. Then

AXZ[2Z = (B X Zo)XZ[2Z = BX(ZyXZ[2Z) 2 BX(Z[2Z %3 Z/2Z),

so the assertion follows from (b) and (c).

(e) Let ®(G), G and p be as in the proof of (a). We have G = (Z/2Z) for a set
I with |I| = rank(G) [FJ, Lemma 20.36]. Since ®(G) < G, the involutions in G
are mapped by p to involutions (# 1) in G. Now let G, G2 be open subgroups
of G of index < 2 such that Inv(G;) C Inv(Gz). Then ®(G) < Gy, so taking
¢ € Inv(G2) > Gy we have p(e) € p(Gy1). Hence (p(Inv(G1))) C (p(Inv(Gs))).
Conclude that cl(G) < dimy, G = rank(G).

(f) This follows from Artin-Schreier’s theory and its relative pro-2 version [B,

§4. N

Remark 2.2: If G = G(K,/K) for a field K then G' = G(K,/K(v/-1)) has
index < 2 in G and Inv(G’) = 0, by [B, Satz 8, Kor. 3]. Therefore Lemma 2.1
applies to G. Also, recall that K is pythagorean if and only if G is generated
by involutions {B, §3, Kor. 2 and §2, Satz 6]. Therefore, in this case G’ can be
intrinsically defined as the closed subgroup of G generated by all products of two
involutions. Equivalently, G’ is the unique open subgroup of G of index 2 for
which Inv(G’) = 0. |

3. Galois groups of pythagorean fields

Pythagorean fields of finite chain length have been extensively studied by Mar-
shall [M], Jacob [J], Mina¢ [Mi], Craven [C}, and others and their structure is well
understood. Specifically, let C be the minimal collection of isomorphism types of
pro-2 groups such that

(i) Z/2Z € C;

(i) If Gy,...,Gm € C then Gy g+ %9 G, €C;
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(iil) If H € C and if A is a free abelian pro-2 group then AxH € C.

The following result is of fundamental importance:

THEOREM 3.1: The following conditions on a pro-2 group G are equivalent:
(a) G = G(K) for some pythagorean field K of finite chain length;
(b) G = G(K,/K) for some pythagorean field K of finite chain length;
(c) Gec.

Proof: The implication (a)=-(b) is trivial, while the implication (b)=>(c) is
proved by Mina¢ [Mi]. To prove that (c)=>(a), let D be the collection of all
groups that satisfy (a). Clearly, Z/2Z = G(R) € D. Also, if Gy,...,G,, are
pro-2 groups generated by involutions then so is Gy *3 -« ¥3 G,. It follows
from Proposition 1.3 and Lemma 2.1(b)(f) that D is closed under taking free
pro-2 products. Finally, if H € D and if A is a free abelian pro-2 group then
the products ae, where a € A and ¢ € Inv(H), are involutions that generate
AXG. Use this together with Lemma 1.2(a) and Lemma 2.1(c)(d) to obtain that
AxH € D. Conclude that C C D, as asserted. |

Unfortunately, the above recursive presentation of G € C is not unique: one
can of course permute Gy,...,Gr, in (ii), or use the isomorphisms ZyxZ/2Z =
Z[2Z 3 L[2Z and AX(BxH) = (A x B)xH for free abelian pro-2 groups A and
B and for a pro-2 group H. However, as our next result shows, apart from that
the construction is unique.

Call a pro-2 group H # 1 decomposable if it can be written as H; *; Hj,
with Hy, Hy # 1 pro-2 groups. Otherwise call it indecomposable. Let Z(H)
denote the center of H. For every G € C let G’ be the unique open subgroup of
G such that (G : G') = 2 and Inv(G’) = @ (Remark 2.2).

PROPOSITION 3.2: Let Z/2Z % G € C.
(a) There exists a free abelian pro-2 group A together with indecomposable
groups Hy,...,Hyn € C, 2 <m < oo, such that G = AX(Hy *3 -+ *3 Hy,)
and cl(Hy),...,cl(Hpy) < c(G).
(b) This presentation of G is unique up to a permutation of Hy,..., H,,.

(¢) G is indecomposable if and only if A # 1 in the presentation in (a).

For the proof we need a few lemmas.
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LEMMA 3.3: Suppose that G = AxH, where A is a free abelian pro-2 group,
H = Hy %y -- %9 H,, and Hy,...,H,, # 1. If G is the maximal pro-2 Galois
group of a pythagorean field then so are H, Hy, ..., Hp,.

Proof: Since H, Hy,...,H,, are closed subgroups of G they are also maxi-
mal pro-2 Galois groups of fields. On the other hand, since H, Hy,..., H,, are
quotients of GG, they are generated by involutions. Hence the above fields are
pythagorean. ]

LEMMA 3.4: Suppose that G = AxH € C, where A is a free abelian pro-2 group,
H=Hy*y---%9 H,,, H,...,H,, # 1 and 2 < m < co. Then:
(a) H,Hy,...,Hy,, € C and cl(Hy),...,cl(Hn) < cl(G);
(b) Z(G") = Ax Z(H");
(c) If Z(H') # 1 then m = 2 and Hy & Hy 2 Z/2L;
(d) If m = 2 and Hy & Hy 2 Z/2Z, then Z(H') = H' = Zy and G/Z(G') =
Z/2Z;

Proof: (a) By Lemma 2.1(b)(c), ci(Hy),...,cl{(Hmn) < cl(G) < oo. Together
with Lemma 3.3 this gives that H, Hy,...,H,, € C.

(b) As (G: AH') = 2 and AH’ contains no involutions, G' = AH'. Further-
more, H’' is generated by products of two involutions. Hence it acts trivially on
A, whence G’ = A x H'. Thus Z(G') = A x Z(H').

(c), (d) Use Kurosh subgroup theorem for open subgroups of free pro-2 products
[BiNW] to decompose H' as a free pro-2 product

Hl<z<m Hfrze)g(i)(Hl n Hza) *2 F 3

where foreach 1 <i<m, 35(i)C H,H = Uaez(i) H;oH', and where Fis a free
pro-2 group of rank Y1 [(H : H') — |Z(3)|] — (H : H') + 1. Since (H : H') =2
and H; € H', we have HioH' = H;H'c = Ho = H, whence |Z(i)| = 1 for all <.
It follows that H' decomposes as (H' N H1)°t %g - - xg (H' N Hp )™ % ', where
01,...,0m € H and rank(ﬁ) =m—1>1. We can further decompose F as the
free pro-2 product of m — 1 copies of Z,.

Now suppose that Z(H') # 1. Then, by [HR1, Th. A’], just one free factor in
this decomposition of H' is non-trivial. Therefore H NH; =---=H' NHp =1
and m = 2, whence (c).

To prove (d), suppose that m = 2 and H, & Hy = Z/2Z. Then H' = F = Z,.
Therefore, (b) implies that G/Z(G') 2 H/Z(H') = H/H' = Z/2L. |
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Proof of Proposition 3.2(a): Every group H € C can be constructed in a finite
number of steps of the form (i)~(iii). Denote the minimal number of steps required
by n(H). We first prove that G = AxH for some free abelian pro-2 group A
and for some group H € C which is either of order 2 or is decomposable. If G
itself is decomposable, then we take A = 1 and G = H. So suppose that G is
indecomposable. Since G % Z/2Z, the last of n(G) steps in a construction of
G cannot be of the form (i) or (ii). Hence G = AxH, where A # 1 is a free
abelian pro-2 group, H € C and n(H) = n(G) — 1. Assume by contradiction
that H is net of order 2 and is indecomposable. The same argument shows
that H = AxH for a free abelian pro-2 group A and a group H € C such that
n{H) = n(H)— 1. Then G = (A x A)xH is a presentation of G which requires
only n(H)+1 = n(G) —1 steps. This contradiction shows that H is indeed either
of order 2 or is decomposable.

In the first case A # 1, because G % Z/2Z. Hence we get as in the proof of
Lemma 2.1(d) that G = Bx(Z/2Z %9 Z/2Z) for some free abelian pro-2 group
B. In the second case we use Lemma 2.1(b) to write H = Hy %5 -+ - %9 H,,, with
Hi,...,H, indecomposable and 2 < m < oo. By Lemma 3.4(a), Hy,...,H, €C
and cl(Hy),...,cl(Hnm) < cl(G).

Proof of Proposition 3.2(c): Suppose that A # 1 and G = G1%3G5 with G, Gy #
1. Apply Lemma 3.4 with respect to the decomposition G = 1x(G; *2 G3)
to obtain that either Z(G') = 1 or both Z(G') & Zy and G/Z(G') & Z/2Z.
On the other hand, apply Lemma 3.4 with respect to the decomposition G &
AX(Hy %9 --- %9 Hp), to obtain that either Z(G') = A or Z(G') & A x Zs.
However Z(G') = A is impossible, since it implies that both Z(G’) # 1 and
G/Z(G') = Hy % -+ %3 Hy, % Z/2Z. Conclude that Z(G') & A x Z,, and

therefore A =1 contrary to the assumption. The converse implication is trivial.

LeEMMA 3.5: Let G € C be indecomposable. There exists a direct system G,

A € A, ordered by inclusion, of finitely generated indecomposable groups in C
such that G = (G| A € A).

Proof:  We use induction on cl(G). If cI(G) = 1 then G & Z/2Z by Lemma
2.1(a), so the assertion is clear. Otherwise G ¥ Z/2Z, and therefore G is pre-
sented as in Proposition 3.2(a), with A # 1. In light of Lemma 3.4(a) we may
assume that systems H; y(;y, A(¢) € A(%), have already been constructed for H;,
1 <7 < m. Take Gy, A € A, to be the collection of all closed subgroups
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Ao{Hya(1)s -+ s Hma(m)) = AoX(Hy a1y *2 -+ %2 Hy a(my) (cf. [HR3, Cor. 5.4])
of G with Ay # 1 a finitely generated subgroup of A. These groups are indecom-
posable by Proposition 3.2(c) and generate G. [ |

LEMMA 3.6: Assume that G = Gyxg-- %3Gy, = Hy*9---x9H,,, with Gy, ..., Gy,
H,,...,H,, € C indecomposable. Then n = m and for some permutation w of
{1,...,n}, G; is conjugate to H,(;y, i =1,...,n.

Proof: Use Lemma 3.5 to construct for all 1 < i < n and all 1 < j < m direct
systems G x, A € A(i) and H; ,, p € M(j), of finitely generated indecomposable
groups in C such that G; = (G; x| A € A(d)) and H; = (Hj .| p € M(5)).

Fix1 < i <nand X € A(7). By Kurosh subgroup theorem for finitely generated

closed subgroups of free pro-2 products ([H, Th. 9.7], [HR2, Th. 4.4], [Me]),
Gix= H%)J'Sm H((fe)z(,-,]-,,\)(ci,x N HY) *2 Fix

where 13’1',,\ is a free pro-2 group and G = Uaez(i,j,,\) H;joG;y forall1 < j<m.
Since G;,» is generated by involutions, so is its quotient Fj x, hence F; ) = 1.
As @, is indecomposable, there is precisely one pair 1 < j = j(i,A) < m,
7 = 0(i,A) € 5(i,j,A) for which Gsx N HY # 1, and in fact Gy < HIGY).
But the G;x, A € A, form a direct system and any two distinct conjugates of
Hy,..., Hy, have trivial intersection [HR1, Th. B]. Hence j(i, \) and H{(3) do
not depend on A\. We may therefore write j(i) = j(i, A) and o(¢) = o (%, A). Then
Gi = (Gipl A € AG) < HE).

Conversely, for each 1 < j < m the same argument yields 1 < ¢ = i(j) < n and
7(j) € G such that H; < G1). We have G; < HJ) < GiI0°®. Projecting
into the direct product Gy X --- X Gy, we get that i = i(j(¢)) for all 1 < ¢ < n.
Similarly, j = j(i(j)) for all 1 < j < m. It follows that n = m. Without
loss of generality, j(i}) = 7 and i(j) = j for all 1 < 4,5 < n. In particular,
Gi < H'Y < G7°®) for all 1 < i < n. By [HR1, Th. B’} again, we must have

here equalities, so G; and H; are conjugate. 1

Proof of Proposition 3.2(b): If G/Z(G') & Z/2Z then certainly Z(G') # A. By
Lemma 3.4, m = 2 and H; & Hy & Z/27Z. Also, the isomorphism type of 4 is
uniquely determined by Z(G') & A X Z,. If on the other hand, G/Z(G') % Z/2Z
then by Lemma 3.4, Z(G’) = A. Thus, in this case as well, G determines A, and
hence also H & G/A. By Lemma 3.6, the groups Hj,..., H,, are determined
inside H up to a permutation and conjugacy. |
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4. Covers of fields by semi-orderings

We say that a semi-ordered field (K, S} is quadratically semi-real closed if
it has no proper pro-2 extension to which S extends. By [Brl, Folg. 2.18] or [P,
Th. 1.26], a semi-ordering S on a field K always extends to a 2-Sylow extension
of K. We therefore have:

LEMMA 4.1: A semi-ordered field (K, S) is semi-real closed if and only if it is
quadratically semi-real closed and G(K) is pro-2.

LEMMA 4.2: A subset S of a field K is a semi-ordering if and only if the following
conditions hold:

(i) 1€ S;

(ii) K2S = S;

(iii) SN —S = {0};

(iv) K = SU-—S;

(v) Every (non-empty) sum of finitely many non-zero elements of S is non-zero.
Moreover, (K, S) is quadratically semi-real closed if and only if in addition it
satisfies:

(vi) K*={z € K|zS = S}.

Proof: The first assertion is straightforward. Also, a semi-ordered field (K, S)
is quadratically semi-real closed exactly when S extends to an extension K (/x),
z € K, if and only if z € K2. By [Brl, Folg. 2.18], this is equivalent to (vi).
|

4.3 Remarks: (a) Let (K, S) be a semi-ordered field. It is straightforward to
check that (vi) holds if and only if K N K2 = -§ - S.

(b) It follows from Lemma 4.1 and Lemma 4.2 that the classes of semi-ordered
fields, quadratically semi-real closed fields and semi-real closed fields are elemen-
tary in the first-order language of rings augmented by a unary relation symbol §
which is interpreted as a semi-ordering. 1

From [Br1, Folg. 2.19d] we get:
COROLLARY 4.4: A quadratically semi-real closed field is pythagorean.

Now let S;, i € I, be a collection of semi-orderings on a field K. It is straight-
forward to check that T = ();.,{z € K| z5; = S;} is a preordering on K [L,
Def. 1.1]. In this case we say that S;, ¢ € I, form a cover of T. When T = Y K?
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is the set of all sums of squares in K we say that S;, 1 € I, cover K. For example,
if T is an arbitrary preordering on the field K, then the collection S;, ¢ € I, of
all orderings of K that contain 7' form a cover of T. Indeed, T = (,c; S; [L,
Th. 1.6] and S; = {z € K| zS; = S;} for alli € I.

Definition: The covering number cn(T') of a preordering T on a field K is the
minimal size (possibly o) of a cover of T. For a field K we set cn(K) = en(3- K?)

and call it the covering number of K. ]

4.5 Remarks: (a) Let K be a pythagorean field. Then cn(K) = 1 if and only
if K is quadratically semi-real closed (Lemma 4.2).

(b) For every semi-ordered field (K, S), Zorn’s lemma yields a maximal ex-
tension (K,S), K C K, such that SN K = S. Use this fact together with
[Brl, Folg. 2.18] to conclude that a collection S;, i € I, of semi-orderings on a
pythagorean field K forms a cover if and only if K = (1, K; for every collection
(K;, S;), i € I, of quadratically semi-real closed subextensions of K,/K such that
S;NK=2_5;foralliel.

{¢) Suppose that the collection S;, ¢ € I, is cover of K but that no proper
subcollection of it is a cover. Then S;, # a9;, whenever i1,%5 € I, i1 # i3, and
a € K. Otherwise, {z € K| zS;, = S;,} = {z € K| zS;, = S;,}, hence S,
t € I~{iz}, is also a cover of K. |

5. The main results

We first show that being semi-real closed is a Galois-theoretic property.

THEOREM 5.1: Let K and L be fields.
(a) If G(Kq/K) = G(Ly/L) with K pythagorean then cn(K) = cn(L);
(b) If G(K4/K) = G(Lg/L) and K is quadratically semi-real closed then so is
L;
(c) If G(K) 2 G(L) and K is semi-real closed then so is L.

Proof: For an arbitrary field X Kummer theory gives
KX[(K*)* 2 HY(G(K)) = H'(G(K,/K)) = Hom(G(K,/K), Z/2Z)

canonically (the cohomology groups taken with respect to the module Z/2Z and
the trivial actions and the homomorphisms being continuous.) Let 1) be the image
of the square class of —1 in H}(G(X,/K)) under this isomorphism. We express
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the fact that K has a cover S;, i € I, in terms of H'(G(K,/K)) and ¢ as follows:
For each i € I let A; be the subset of H!(G(K,/K)) corresponding to the set of
square classes in S;. Then conditions (i)-(iv) of Lemma 4.2 say that 0 € A; and
HYG(Ky/K)) = A; U(¥ + A;). To express in this way condition (v), we use the
canonical cohomological representation of the Witt-Grothendieck ring by means
of generators and relations [S, Satz 1.2.1] W(K) = Z{HYG(K4/K))]/J, where J
is the ideal generated by all formal sums (in the group ring) a + 8 — v — 6 such
that a, 0,7,6 € HY(G(K,/K)), a+ 8 =v+6 in HY(G(K,/K))and aUf = yU§
in H4(G(K,/K)). By Witt's decomposition theorem [P, Th. 10.4], condition (v)
for S; is thus equivalent to the following statement: For any a1,...,a, € A;, the
formal sum a1 +- - -+, in Z[H(G(K,/K))] is not congruent to any formal sum
B1+ -+ Bno2+ 0+ ¢ modulo J. Also, in the above notation, S;, ¢ € I, cover
K if and only if ;¢ {a € HY(G(K,/K) | a + A; = A;} = {0}.

Now if G(K4/K) is generated by involutions then by [B, §2, Satz 6], one
can recognize 9 as the only continuous homomorphism in H!(G(K,/K)) with
torsion-free kernel. Therefore for pythagorean fields the above information can
be expressed in terms of G(K,/K} alone. This proves (a}.

(b) follows from (a), by Corollary 4.4 and Remark 4.5(a); (c) follows from (b)
by Lemma 4.1. [ |

Let G = G(K,/K) with K a pythagorean field. We define cn(G) = cn(K),
and call it the covering number of G. By Theorem 5.1(a) this definition is
independent of the choice of K. From Theorem 3.1, Lemma 4.1, Corollary 4.4
and Remark 4.5(a) we obtain (with C as in §3):

COROLLARY 5.2: The following conditions on a pro-2 group G are equivalent:
(a) G is the absolute Galois group of a semi-real closed field of finite chain
length;
(b) G is the maximal pro-2 Galois group of a quadratically semi-real closed
field of finite chain length;
(c) GeC and en(G) = 1.

To make this characterization effective, we now develop a method for the com-
putation of cn(G), where G € C is presented as in Proposition 3.2(a). This is
accomplished in Proposition 5.6 and Proposition 5.7 below.

The following result is contained in [E, Cor. 4.4].
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LEMMA 5.3: Let K,,...,K,, be extensions of a field K of characteristic # 2
which are contained in K, and assume that G(K,/K) = G(K,/K1) %2 -+ 2
G(K,/Km). Then:

(a) KX/(K*)?2 2 K¥/(KX)? x -+ x KX/(K})? canonically;

(b) A K-quadratic form that is K;-isotropic for all 1 < i < m is K-isotropic.

LEMMA 5.4: Let K;,...,K,, be extensions of a field K contained in K, and
assume that G(K,/K) = G(K,/K1)*2+ - -*xeG(K4/Km). Let S be a semi-ordering
on K. Then S extends to a unique K;, 1 <i<m.

Proof: To prove the existence of such an extension it suffices by [P, Lemma
1.24] to find 1 < i £ m such that every quadratic form with coefficients in S
is K;-anisotropic. Assume that for each 1 < i < m there exists a K;-isotropic
quadratic form ¢; with coefficients in S. Then the sum ¢; L ... L ¢, is K;-
isotropic for all 1 < ¢ < m. By Lemma 5.3(b) it is K-isotropic (notice that since
K admits a semi-ordering, char K = 0). This contradicts condition (v) of Lemma
4.2.

To prove the uniqueness, assume that S, S’ are semi-orderings on K;, Ky, re-
spectively, where 1 < 4,4’ < m, i # '. We show that SNK # §'NK. Use Lemma
5.3(a) to obtain @ € K* such that a = 1 mod (K*)? and @ = —1 mod (K})%.
Then a € S and a ¢ §’, as required. ]

5.5 Remarks: (a) If S isan ordering then Lemma 5.4 asserts that every involu-
tion in G(K,/K) is conjugate to an involution in a unique G(K,/K;),i = 1,...,m
[B, Satz 8, Kor. 3]. This is proved by purely group-theoretic methods in [HRI,
Th. A’].

(b) Suppose that G = AxH, where A is a free abelian pro-2 group, H =
Hy %9 -+ %9 Hyp and Hy,...,H, # 1. If G is a maximal pro-2 Galois group
of a pythagorean field then so are H, Hy,...,Hy, (Lemma 3.3), hence cn(H),
cn(Hy),...,en(Hy,) are well-defined. Therefore the statements of the following

two propositions make sense. n

PROPOSITION 5.6: Let G be a maximal pro-2 Galois group of a pythagorean
field, and suppose that G = Gy *3 « - - %9 G, for some pro-2 groups Gi,...,Gm.
Then cn(G) = cn(G1) + - -+ + cn(Gm).

Proof: Let K be a pythagorean field with G = G(K,/K) and let K1, ..., K, be
the fixed fields in Kg of G1,...,Gm, respectively. Since Gy, ..., G, are quotients
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of G and K is pythagorean, so are Ki,...,K,,. The pythagoreanity of K also
implies that char K = 0. We need to show that cn(K) = cn(Kj) +- - + cn(K,p).

Take a cover S;, ¢ € I, of K. For each ¢ € I there exists a unique 1 < 0(¢) <m
and a semi-ordering S; on Kg;) such that $; = K N S; (Lemma 5.4). We claim
that for each 1 < j < m, the semi-orderings S;, i € 6~1(j), form a cover of
K;. Indeed, take x € K such that «5; = §; for all i € 7'(j). We need to
show that z € K?. By Lemma 5.3(a) we may assume that z € K* and that
z € K? whenever [ # j, 1 <l < m. Then zS; = S;, hence zS; = S;, for all i € I.
Conclude that z € K2, as claimed. It follows that cn(K) > cn(K;)+---+cn(Kp).

To prove the converse inequality, take for each 1 < j < m a cover S;, i € I i
of K; having cn(K;) elements. We show that the cn(K;) + -+ - + cn(K,,) semi-
orderings S; = S;NK,i€ I =1 U--- UI,, cover K. Indeed take z € K
such that z(S; N K) = S; N K for every i € I. Use Lemma 5.3(a) to obtain that
z8; = S; for every i € I. Then = € R']? for each 1 < j < m. By Lemma 5.3(a)
again, x € K2, as desired. [ |

For z € R, let [z] be the smallest integer > z.

PROPOSITION 5.7: Let G be a maximal pro-2 Galois group of a pythagorean field
and suppose that G = AxH, with A a free abelian pro-2 group and cn(H) < o0.
Then

[en(H)/2rmk(A)]  rank(A) < oo, (A, H) # (Z2,Z/2Z)
en(G) =< 2 A7, H2Z/2Z

1 rank(A) = oo .

Proof: Casg (I): rank(A) < oo and H ¥ Z/2Z. Let K be a pythagorean
field with G = G(K,/K). By Proposition 1.4, K is 2-henselian with respect to a
valuation v such that dimg, v(K*)/2v(K*) = rank(4) and G((K,),/K,) = H.
We denote for simplicity k = K, and observe that k is pythagorean. Choose
T C K* such that 1 € T and such that the elements v(t), t € T, form a
representatives system for v(K*) mod 2v(K*). Then |T| = 272"K(4) Also let U
be the set of all units of K with respect to v and let @ denote the residue of a € U
in k. Note that any element of K can be written as ax?t with a € U, z € K and
t € T. By Hensel’s lemma and since char £ = 0, the 1-units of K with respect to
v are in K2
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Now let S;, i € I, be a cover of K with |I| = cn{K) = cn(G). For each
ie€landteT, pute, =1ift € 5; and ¢;; = ~1 otherwise. The set
s(i,t) = {e;sa| a € U, at € S;} is a semi-ordering on k by Springer’s theorem
[L, Th. 4.6]. We show that s(i,t), ¢ € I, t € T, cover k. Indeed, take a € U such
that as(i,t) = s(i,t) forallie Tand t € T. If b€ U, x € K* and t € T satisfy
br*t € S;, then ei,tl-) € s(i,t), so si,t% € s(i,t). Thus abr®t € S;, proving that
aS; = §;. Tt follows that a € K2, hence a € k2, as desired. Conclude that cn(G) x
2r2nk(4) = |I x T| > cen(k) = cn(H) and therefore cn(G) > [cn(H)/2r2nkA)],

To complete the proof in this case, we construct a cover of K which consists of
n= [cn(H)/Z““k(A)] = [cn(k)/|T|] elements. Let I be a set of cardinality n and
fix ig € I. Choose a subset Ty of T' containing 1 such that cn(k) = (n—1)|T|+|Tp|.
Let R be the set of all pairs (i,¢) € I x T such that either i # iy or both i = ig
and ¢t € Tp. By assumption, k has a cover s(i,t), (i,t) € R. Fort € T~Ty
define s(ip,t) to be an ordering on k that is different from s(ip,1) (note that
since G(kq/k) 2 Z/2Z, the pythagorean field & is not uniquely ordered, by (B,
Satz 3]). In particular, as(ig,1) # s(io,t) for all @ € k. By Remark 4.5(c) and
since cn(k) < oo, this inequality in fact holds for all 1 £t € T..

For 7 € I denote

Si={az’t|lacU z€K, teT, acs(it)} .

Use again Springer’s theorem to verify that 5; is a semi-ordering on K. We
prove that S;, 1 € I, form a cover of K. To this end we take b € U, x € K and
t € T such that bz?tS; = S; for all : € I, and show that b € K2 and t = 1.
Indeed, for a € U we have under this condition that @ € s(ig, 1) if and only if
abt € btS;, = S;,. Therefore bs(ig,1) = s(io,t), which can happen only when
t = 1. Thus bS; = S;, so bs(i,t') = s(i,t') for all i € I and t' € T. As s(3,t'),
(i,t') € R, cover k, this implies that b € k%. By Hensel’s lemma b € K?, as

required.

CasE (II): rank(A) = oo and H % Z/2Z. As in the third paragraph of the
proof of Case (I) (with n =1 and I = {io}) one shows that cn(G) = 1.

CasE (III): A #1and H = Z/2Z. Write A = B x Z with B free abelian pro-
2. Then AXH = Bx(ZyxZ/2Z) = BX(Z/2Z *2Z[2Z). The group Z/2Z x3Z/2Z
can be realized as a maximal pro-2 Galois group of a pythagorean field (Theorem
3.1), and therefore Proposition 5.6 yields cn(Z/2Z %o Z/2Z) = 2. We also have
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rank(A) = rank(B) + 1. The preceding two cases (with A and H replaced by
B and Z/2Z %5 Z/2Z, respectively) give us that cn(G) = [2/272°K(B)] = 1 if
2 < rank(A) < oo and also cn(G) = 1 if rank(A) = oo. Finally, if A 2 Z; then
B =1s0cn(G) =2.

Casg (IV): A=1, H~Z/2Z. Trivial. W

COROLLARY 5.8: Let G be a maximal pro-2 Galois group of a pythagorean field.
Then cn(G) < cl(G).

Proof: This is trivial when ¢l{(G) = co. If cl{G) < oo then we may proceed by
induction on the structure of G € C. For G & Z/2Z one has cn(G) = cl(G) = 1.
If G = Gy %2+ %2 Gy, and en(G;) < cl(Gy), 1 = 1,...,m (see Remark 5.5(b)),
then by Lemma 2.1(b) and by Proposition 5.6, cn(G) = cn(G1) +- - - +¢n(Gp,) <
cl(Gy) + - -+ + cl(Gm) = cl(G). Suppose next that G = AxH, where A is a free
abelian pro-2 group, and that cn(H) < cl(H) (again, cn(H) is well-defined by
Remark 5.5(b)). Then cn(H) < cl(G) < oo by Lemma 2.1(c)(d). Hence we may
apply Proposition 5.7. If rank(A) < oo and (A, H) # (Z2,Z/2Z) then it gives
en(G) = [en(H)/272"KA)] < en(H) < c(G). If A 2 Zy and H = Z/2Z then
cn{G) = cl{G) = 2. Finally, if rank{ 4} = oo then en{K) =1 < cl(K). |

Conclusion: Let G € C. Then cn(G) can be recursively computed using Propo-
sitions 5.6 and 5.7. Applying Corollary 5.2, one can thus effectively determine
whether G is the absolute Galois group of a semi-real closed field of finite chain
length (i.e., whether cn(G) = 1). Likewise one can list the finitely generated ab-
solute Galois groups of semi-real closed fields according to increasing rank. The
following table gives the 34 maximal pro-2 Galois groups of pythagorean fields of
rank < 6 and the associated covering numbers. Note that by Proposition 3.2(b)
these groups are non-isomorphic. Out of them 11 correspond to semi-real closed
fields. We denote here the free pro-2 product of e copies of Z/2Z by D.. ||

G =G(K,/K) rank(G) cn(K)

D, 1 1

D, 2 2
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(Z%xDy) %9 D,

(ZaxD3) xg D3

(ZzxD3) x3 D,
D¢

G =G(K,y/K) rank(G) cn(K)

Zox Dy 3 1
D3 3

Z3xD, 4 1
(ZQXIDQ) *g D1 4 2
Z2>4D3 4 2
Dy 4 4
Z%XJDg 5 1
Z3x D, 5 1
Z2X((ZgxDq) *2 Dy) 5 1
Zz)dD4 5 2
(Z3xD3) % Dy 5 2
(Z2><ID2) *9 D2 5 3
(ZgxD3) 9 Dy 5 3
Ds 5 )
Zg)QD4 6 1
Z3xD3 6 1
Z%XIDQ 6 1
Zyx((Z2xDy) %2 Dy) 6 1
Z2x((ZyxDq) %2 Dy) 6 1
(Z2>4D2) 9 (ZQNDz) 6 2
(Z%XIDQ) *9 D1 6 2
(Zyx((Z3xD2) %2 D1)) %2 D1 6 2
(Z3xD3) *2 D, 6 2
(Z3xDy) %3 Dy 6 2
ZsX((ZyXDs) %3 Dy) 6 2
Zg)d((ZQ)dDg,) * Dl) 6 2
(Z2><ID4) *9 D1 6 3
ZQXID{, 6 3
6 3
6 4
6 4
6 6




Vol. 85, 1994 SEMI-REAL CLOSED FIELDS 77

[AS]

[BK]

(BINW]

[Br1]

[Br2]

[Br3]

€]

[En]
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[HR2]

[HR3)

9]
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